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Although a finite envy-free cake-cutting protocol has been known for more than twenty years, it
had been open whether a protocol exists in which the number of steps taken by the protocol is
bounded by a function of the number of agents. In this letter, we report on our recent results on
discrete, bounded, and envy-free cake-cutting protocols.
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1.

INTRODUCTION

The cake cutting problem is a fascinating and fundamental mathematical problem
in which the cake is a heterogeneous divisible resource represented by the unit
interval [Brams and Taylor, 1996, Robertson and Webb, 1998]. Each of the n
agents have additive and non-negative valuations over segments of the interval.
The challenge is to query agents about their valuations in an efficient way to find
a fair allocation. Originally formalized by Polish mathematician Hugo Steinhaus
in the 1940’s, the problem has attracted considerable attention in mathematics,
computer science and economics. One of the most important criteria for fairness
is envy-freeness. An allocation is envy-free if no agent would prefer replacing her
allocation with another agent’s. A cake cutting protocol is termed envy-free if
each agent is guaranteed to be non-envious if she reports her real valuations. If a
protocol is envy-free, then an honest agent will not be envious even if other agents
misreport their valuations.
The most famous envy-free cake cutting protocol is Divide and Choose for two
agents: one agent is asked to divide the cake into two equally preferred pieces. The
other agent is then asked to pick her most preferred piece whereas the cutter gets
the remaining piece. In the 1960’s, John Selfridge and John Conway independently
proposed an envy-free protocol for three agents that requires at most five cuts on
the cake. In the early 1990’s, Steven Brams and Alan Taylor invented a general
finite envy-free cake cutting protocol [Brams and Taylor, 1995]. The protocol can
require arbitrary number of steps and cuts on the cake even for four agents. It has
been an open problem whether a four-agent bounded envy-free protocol exists or
not [Brams and Taylor, 1995, Procaccia, 2013, 2016].
This year we presented a four agent envy-free protocol that requires 203 cuts on
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the cake and a total of 584 queries [Aziz and Mackenzie, 2016a].1 We have now
generalized the protocol to any number of agents [Aziz and Mackenzie, 2016b,c].
In this letter, we give an overview of some of the ideas and building blocks of the
general protocol.
2.

A BIRD’S EYE VIEW OF THE PROTOCOL

In a nutshell, the protocol allocates a large enough portion of the cake in an envyfree manner. After that, it tries to add some small portions of the unallocated cake
to the allocated part in a structured and envy-free manner with the goal to reduce
the problem to envy-free allocation for a smaller number of agents.
A crucial building block of our protocol is the Core Protocol. The Core Protocol
asks one of the n agents—the cutter—to divide the cake into n equally preferred
pieces. It then uses the recursive SubCore Protocol to obtain a neat allocation for
the other agents. In a neat allocation, each agent gets a part of exactly one of the
pieces, one agent gets a full piece, and the agents are not envious of each other or of
the unallocated pieces. The cutter then gets one of the unallocated and untrimmed
pieces.
The SubCore is a general protocol that takes as input agents and pieces of cake
where the number of agents is at most the number of pieces. We order the agents
and find a neat envy-free allocation for an expanding set of agents. Say that we
have found a neat allocation for m − 1 agents. In that case, m − 2 pieces could be
partially allocated but the other pieces are untrimmed. If the m-th agent thinks
that one of the unallocated full pieces is her most preferred, then she is simply given
such a piece. Otherwise, we have a situation where m agents are interested in m − 1
‘contested ’ pieces. In such a situation one of the m agents has to be given a most
preferred uncontested piece. In order to find such an agent as well as reallocate the
m − 1 contested pieces, we have to do more work and may have to call SubCore
recursively for a smaller number of agents.
In the Core Protocol, the cutter agent gets a full piece. Another agent also gets
a full piece. So from the cutter’s perspective at least 2/n of the cake is allocated by
one call of the Core Protocol. If we call the Core Protocol with a different cutter
each time to further allocate the unallocated cake, we just need n calls of the Core
Protocol to obtain an envy-free allocation in which each agent thinks she gets 1/n
value of the whole cake. This answers an open problem posed by Segal-Halevi et al.
[2015] which asks whether there exists a bounded algorithm that returns envy-free
partial allocation that is proportional (gives each agent value at least 1/n of the
whole cake).
Continuing to call the Core Protocol on the updated remaining cake gives no
guarantee that the cake will be allocated fully even in finite time. Hence, we need
to use other protocols. Throughout the overall protocol, we maintain an envy-free
allocation as well as keep track of the updated unallocated cake.
Since the Core Protocol by itself is not powerful enough to allocate all the cake
in bounded time, we rely on the idea of domination. An agent i dominates another
agent j if she is not envious of j even if the unallocated cake is given to j. The
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Stromquist observed that both the number of cuts and queries can be halved by a simple
adjustment.
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other protocols are used with the following objective in mind: find a set of agents
N \A ⊂ N such that each agent in the set dominates each agent in A ⊂ N . In order
to ensure that each agent in some set N \ A dominates each agent in A requires
changing the current allocations of the agents as well as the unallocated cake. While
we make changes to the allocation, we ensure that the current partial allocation
remains envy-free. By identifying such a set N \ A, we reduce the problem to envyfree allocation for a smaller number of agents. The agents in N \ A are not envious
whatever the unallocated cake is allocated among agents in N .
3.

CONCLUSIONS AND OPEN PROBLEMS

In this letter, we provided a very high-level overview of our bounded envy-free
protocol. The protocol has an upper bound that is a power tower of six n’s. In the
other direction, any envy-free protocol requires at least Ω(n2 ) queries [Procaccia,
2016].2 There is a lot of work to be done to close the gap between the current upper
and lower bound.
We additionally show that even if we do not run our protocol to completion, it
can find in at most n calls of the Core Protocol a partial allocation of the cake that
achieves proportionality (each agent gets at least 1/n of the value of the whole cake)
and envy-freeness. It also adds further evidence to the idea popularized by SegalHalevi et al. [2015] that wasting some resource can lead to much faster fair division
algorithms. If we allow for partial allocations, an interesting open problem is the
following one: can envy-freeness and proportionality can be achieved in polynomial
number of steps? Finally we mention that it is still open whether a bounded and
envy-free cake cutting protocol exists for the case of where agents have negative
valuations.
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