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1. INTRODUCTION

Consider a market with n unit demand buyers and m sellers, each selling one unit
of an indivisible good. The buyers specify their preferences over items via utility
functions uij(pj), which is the utility of buyer i for item j when its price is pj . So
far, this is the classic Shapley-Shubik assignment model [Shapley and Shubik 1971]
which captures a variety of matching markets including housing markets and ad
auctions [Edelman et al. 2007], except for the extension to general utility functions
instead of the quasi-linear utilities in the original model. Shapley and Shubik show
that a competitive equilibrium always exists in their model, and later work [Crawford
and Knoer 1981, Quinnzi 1984, Gale 1984] shows that a competitive equilibrium
must also exist for the model with general utility functions uij(·), provided these
uij(·) are strictly decreasing and continuous everywhere.

Now suppose we extend the assignment model with an extra budget constraint:
a buyer i can specify a maximum price bij that he is able to pay for item j, above
which he cannot afford the item. That is, the utility function uij(·) can now (pos-
sibly) have a discontinuity at pj = bij . Budgets are a very real constraint in many
marketplaces such as advertising markets, and have led to a spate of recent work
on auction design, where the addition of the budget constraint, while seemingly
innocuous, introduces fundamental new challenges to the problem [Dobzinski et al.
2008]. As we will see, the same happens in the Shapley-Shubik assignment model
— the discontinuity introduced by the budget constraint fundamentally changes
the properties of competitive equilibria, which no longer even always exist. A nat-
ural question, then, is the following: Given a marketplace where buyers have such
general utility functions uij(·) with budget constraints, is it possible to determine
whether a competitive equilibrium exists, and if yes, compute one, for instance a
buyer-optimal one, efficiently?
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2. CONTRIBUTIONS

We first make a connection between competitive equilibrium in the assignment
model with budgets, and strong stability. Next, we give a strongly polynomial
time algorithm for deciding existence of, and computing a minimum competitive
equilibrium for a general class of utility functions in the assignment model with
budgets. A complete description can be found in the full version of our paper
[Chen et al. 2010].

2.1 Stability

Shapley and Shubik [Shapley and Shubik 1971] make a connection between com-
petitive equilibria and stability in the assignment model, showing that competitive
equilibrium corresponds precisely to stable matchings — a matching where no un-
matched buyer-seller pair can mutually benefit by trading with each other instead of
their current partners. This connection becomes somewhat more subtle when util-
ity functions are allowed to have budget-induced discontinuities, analogous to the
introduction of ties into preference lists [Irving 1994] in the Gale-Shapley marriage
model [Gale and Shapley 1962]: There are now two different notions of stability,
weak and strong stability, that no longer coincide; weakly stable matchings always
exist but a strongly stable matching need not.

Denote an allocation-price pair by (x,p), where the allocation xi is the item that
buyer i wins, and pj is the price charged for item j. A weakly stable matching in the
assignment model is a tuple (x,p) where there is no unmatched buyer-seller pair
that can both strictly benefit by trading with each other (a seller’s payoff is the
payment he receives for his item). A strongly stable matching is one where there
is no unmatched buyer-seller pair where one party strictly benefits and the other
weakly benefits from the deviation (for example, if buyer i strictly prefers to buy
seller j’s item at its current price, but not at any higher price).

When the utility functions uij(·) are strictly decreasing and continuous every-
where as in [Crawford and Knoer 1981, Demange and Gale 1985], the conditions
for weak and strong stability turn out to be identical: if i strictly prefers j, con-
tinuity ensures that it is always possible for i and j to deviate in such a way that
both i and j strictly benefit from the deviation. So weakly and strongly stable
matchings are identical, and there is a unique notion of stability in the original
matching model; this notion is exactly the same as a competitive equilibrium.

However, with the budget constraint, this is no longer the case: suppose there is
a pair (i, j) such that uij(pj) > uixi(pxi) ≥ 0. Depending on whether pj < bij or
pj = bij , there may or may not exist a strictly profitable deviation for both i and j:
in the first case, there exists a p′j > pj with uij(p′j) > uixi(pxi); but in the second
case, there is no p′j > pj for i to continue to prefer j over xi, i.e., there is no strictly
profitable deviation for j. That is, with the addition of the budget constraint, the
two notions of “weak” and “strong” stability are no longer equivalent: the non-
equivalence is precisely because a buyer’s utility can go from strictly positive to
strictly negative without passing through 0 at the point of discontinuity at bij .

Since there are two distinct notions of stability in the matching model with bud-
gets, at most one of these can be the same as a competitive equilibrium. We prove
that the solution concept of a competitive equilibrium coincides exactly with that
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of strong stability; a weakly stable matching does not possess the envy-freeness
property of a competitive equilibrium (the problem of computing weakly stable
matchings in the assignment model with quasi-linear utilities up to a budget con-
straint is introduced and solved in [Aggarwal et al. 2009]).

Theorem 2.1. Suppose that the utility functions uij(·) are strictly decreasing
on domain [0, bij ], where bij is buyer i’s budget for an item j. Then, (x,p) is a
competitive equilibrium if and only if it is strongly stable.

2.2 Computation

Our main result answers the question of computing competitive equilibria, if they
exist, for a general class of utility functions uij(·) which are continuous and strictly
decreasing on [0, bij ] as in [Crawford and Knoer 1981, Demange and Gale 1985], and
satisfy an additional mutual consistency condition that allows increasing prices in
a way that guarantees strongly polynomial runtime. This class of utility functions,
which we will call consistent utility functions, is quite general and allows modeling
a fairly large class of marketplaces:

—Marketplaces with buyers who have quasi-linear utilities and budgets, uij(pj) =
vij − pj for pj ≤ bij , and negative utility for pj > bij , where vij is the value of
buyer i for item j and bij is the corresponding budget.

—Marketplaces with return-on-investment (ROI) based buyers with budget con-
straints, i.e., buyers who want to maximize the ratio uij(pj) = vij/pj subject to
a limit on their payment. Our model also captures buyers who know only the
relative values vij/vi1 of items for j = 2, . . . , m (vi1 is i’s value for the first item),
and may not know exactly the magnitudes of their values vij .

—Marketplaces where buyers who can only rank items in order of preference, and
have budget constraints for each item. For example, a buyer who prefers item j1
over all other items as long as its price is less than or equal to bij1 , else prefers
item j2 as long as price is less than or equal to bij2 , and so on; a simple special
case is a buyer who has a fixed preference ranking over items and a single budget
constraint.

We give an algorithm that provides a constructive proof of the following result
(see Definition 4.1 [Chen et al. 2010] for a precise definition of the minimum
equilibrium):

Theorem 2.2. Suppose we are given an instance of the assignment model with
consistent utility functions uij. Then, if a competitive equilibrium exists, a mini-
mum competitive equilibrium exists as well; further, the problem of deciding whether
or not an equilibrium exists, and computing a minimum one, can be solved in
strongly polynomial time.

The algorithm starts with the zero price vector p = 0, and repeatedly constructs
bipartite dynamic demand graphs G(p) based on the demand sets — the set of items
with maximal, positive, utility at the current prices p. It then identifies the set
of “over-demanded” items in this demand graph, which is captured by the critical
set A of buyers and its neighborhood N(A) in G(p): not all buyers in A can be
matched to distinct items in N(A). Therefore, there can be no equilibrium at price
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p, and the prices of items in N(A) need to be raised until these items are no longer
over-demanded. The algorithm recursively increases the prices of over-demanded
items, and once all critical sets have been eliminated, checks whether there is a
matching satisfying the conditions for a competitive equilibrium — all buyers are
assigned an item in their demand set, and every item with price greater than zero
is assigned to a buyer.

There are two key challenges to developing a strongly polynomial time algorithm
that returns a minimum competitive equilibrium in our model. The first comes
from the fact that we allow rather general utility functions: the algorithm needs
to increase prices of over-demanded items in each step to the maximum extent
possible to ensure a fast runtime, while making sure that prices do not overshoot any
equilibrium price vectors. However, to ensure that the algorithm does successfully
find a minimum equilibrium or else correctly reports that no equilibrium exists, it
is crucial that only the prices of items in the neighborhood of the critical set are
increased, at every vector of prices through the course of the algorithm. Due to the
generality of the utility functions we consider, it is possible that the demand set of
a buyer i ∈ A changes “non-monotonically” if the prices of items in N(A) are not
increased carefully, in the sense that items can drop out and then return again to
i’s neighborhood, potentially leading to an exponential runtime. The consistency
property of the utility functions allows us to develop a subroutine that increases
the prices of over-demanded items in such a way that an item j vanishes from a
buyer i’s demand graph if and only if uij(pj) ≤ 0, i.e., only at the price at which i
can no longer obtain positive utility from j. An edge (i, j) that is removed from the
demand graph never appears again through the remainder of the algorithm; this is
crucial to the strongly polynomial runtime.

The second challenge is to deal with the discontinuity introduced by the budget
constraint: For any edge (i, j) in the demand graph, while buyer i’s utility from
buying an item passes continuously through 0 at the value constraint vij (where
uij(vij) = 0, i.e., i is indifferent between buying and not buying the item), there
is a discontinuity at the budget bij where i is not indifferent between these two
actions. While a buyer obtains negative utility at any price higher than either vij

or bij , our algorithm needs to account for a change in edge structure in the demand
graph differently depending on which of these two thresholds is reached: If an
edge is dropped at pj = vij , an equilibrium can exist at this price, whereas at price
pj = bij buyer i still strictly prefers to buy the item, and so j must be priced strictly
higher in any equilibrium. The algorithm accounts for the discontinuity introduced
by the budget using a careful marking process that tags such items whose prices
need to be increased later to ensure envy-freeness. The set of marked items in the
final output of the algorithm also has a nice property relating weakly and strongly
stable matchings (Proposition D.1 [Chen et al. 2010]).

3. CONCLUSION

Our original motivation for studying the assignment model with general utility
functions comes from matching markets such as the online and TV advertising
markets, where bidders do not always fit the standard model of quasi-linear utility
optimizers. One obvious example of this is advertisers with budget constraints;
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another is advertisers who may not be able to accurately estimate their values
for items, but only be able to specify a preference ordering amongst items along
with a maximum payment limit for an item (because the precise value of placing
an ad depends on factors such as conversion rates which are difficult to estimate,
while determining the relative ordering amongst different placement options is much
easier). Such bidders cannot specify their values for each item in the quasi-linear
utility model either. A third kind of bidders that do not fit the standard model
are advertisers who want to optimize return-on-investment (ROI), which is value
divided by price rather than value minus price; these advertisers might also be
able to better estimate the ratios of values rather than the values themselves. An
algorithm that computes a fair and efficient assignment of items with such general
inputs can significantly improve the advertising marketplace by making it much
easier for advertisers to participate and bid in the market. Of course, clearing a
real advertising marketplace would require solving a model with multiple units of
supply and demand for each seller and buyer — we take the first steps towards
this rather difficult problem by solving the market clearing problem for the unit
demand case.
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